
STRUCTURAL MECHANICS OF - DEFOPNATION AND - FRACTURE 

FINAL REPORT 

ON 

CONTRACT NASW 1190 

PREPARED BY: 

I .  J .  Grunt fes t  

and 

G .  E .  Mueller 

General Electric Company 

Re-Entry Systems Department 

P, 0. Box 8555 

’ Phi ladelphia  1 ,  Pennsylvania 

- May 1966 - 



The work desc r ibed  i n  t h i s  f i n a l  r e p o r t  on NASW-1190 i s  a 

c o n t i n u a t i o n  o f  a s tudy i n i t i a t e d  under NASW-708 r e l a t i n g  t o  t h e  

e c h a n i c a l  behavior  of m a t e r i a l s  which have temperature dependent 

p r o p e r t i e s .  It w a s  shown i n  the  ear l ie r  work t h a t  t h e  s t r e n g t h s  of 

such m a t e r i a l s  are l i m i t e d  by the r e g e n e r a t i v e  thermal feedback t h a t  

develops because t h e  deformation p rocess  i s  a t  once exothermic and 

temperature s e n s i t i v e  

The a n a l y s i s  of simple model experiments a l s o  l e d  t o  t h e  

e x p e c t a t i o n  of e f f e c t s  of sample s i z e ,  d u r a t i o n  o f  l o a d ,  r a t e  of 

s t r a i n  and r a t e  of loading s i m i l a r  t o  t hose  observed i n  r e a l  

experiments.  Furthermore, t h e  in t roduc t ion  o f  t h e  temperature 

dependence i n t o  the  continuum theory provided a b r idge  t o  the atomic 

scale theo ry  of m a t e r i a l s  through t h e  concept o f  t h e  energy of 

a c t i v a t i o n .  Subsequent t o  the  f i n a l  r e p o r t  on NASW-708, t h e  work 

was summarized i n  t h r e e  a r t i c l e s  t h a t  have s i n c e  been publ ished (l),  

(2) Y ( 3 ) .  

- I n  the  c u r r e n t  work, improved methods of a n a l y s i s  have been 

developed and more r e a l i s t i c  model experiments have been s t u d i e d .  ' 

I n  p a r t i c u l a r  , t h e  dynamics o f  simple deformations of  homogeneous 

and heterogeneous model m a t e r i a l s  have been considered.  S t i c k - s l i p  

e f f e c t s  c h a r a c t e r i s t i c  of r e a l  d u c t i l e  m a t e r i a l s  have been demonstrated.  

' 
- c -  



. 

P l a s t i c  flow has been simulated and a model designed t o  r e l a t e  

t h e  g r o s s  f e a t u r e s  o f  t he  deformation t o  c r y s t a l  d e f e c t s  i n  t h e  

m a t e r i a l  were s t u d i e d .  

The new a n a l y t i c a l  schemes t h a t  have been introduced involve 

t h e  use o f  improved, versat i le  e lec t r ic  analogs o f  t h e  mechanical 

models. I n  t h e s e ,  t h e  temperature dependent v i s c o s i t y  i n  t h e  

model m a t e r i a l s  i s  s imulated by the rmis to r  elements f o r  which t h e  

temperature  dependence of t he  r e s i s t a n c e  can be descr ibed i n  terms 

of an  energy of a c t i v a t i o n .  

I n  the  new ana logs ,  t h e  induc to r s  and c a p a c i t o r s  t h a t  

o r d i n a r i l y  s imulate  t h e  i n e r t i a l  and e l a s t i c  e f f e c t s  i n  t h e  

m a t e r i a l  a r e  f u r t h e r  s imulated by p r e c i s i o n  e l e c t r o n i c  i n t e g r a t o r s .  

Th i s  e l i m i n a t e s  t h e  problems o f  ob ta in ing  matched components w i th  

a aide range o f  v a l u e s .  Furthermore, t h e  s imulated induc to r s  a r e  

l i n e a r  and have no r e s i s t a n c e ;  q u a l i t i e s  t h a t  a r e  unava i l ab le  i n  

r e a l  i n d u c t o r s .  I n  a d d i t i o n ,  the e f f e c t i v e  va lues  of t h e s e  

components can r e a d i l y  be made responsive t o  t h e  l o c a l  va lues  of 

t h e  stress, s t r a i n  o r  s t r a i n  r a t e .  

As a by-product o f  t h e  ear l ie r  work, some i n s i g h t s  r e l a t i n g  

t o  t h e  s t a b i l i t y  o f  laminar  flow were provided. The c u r r e n t  work 

sugges t s  an  approach t o  t h e  study o f  ear thquakes and volcanism a s  

w e l l  a s  t o  c e r t a i n  meteorological  problems. 

The work on NASW-1190 h a s  been summarized i n  f i v e  t e c h n i c a l  

a r t i c l e s  t h a t  have been submitted f o r  p u b l i c a t i o n .  One of t h e s e  



has a l r e a d y  appeared (5 ) .  

by t h e  au tho r  i n  g a l l e y  proof (4, 7). 

Two o the r s  have been accepted and seen 

No f i n a l  d e c i s i o n  has been 

r ece ived  on the remaining two articles (6), (8). It i s  a p l easu re  

t o  r e p o r t  t h a t  p a r t s  o f  t h e s e  s t u d i e s  a r e  being app l i ed  t o  t h e  

Ph.D. Thesis  o f  Mr. George Mueller, whose candidacy a t  t h e  

Un ive r s i ty  of Delaware i s  under the supe rv i s ion  of P ro fes so r  

W. F. Ames. I n  a d d i t i o n ,  D r .  Gruntfest  was i n v i t e d  t o  p r e s e n t  a 

review of t h i s  work be fo re  t h e  B r i t i s h  Soc ie ty  of Rheology. 

The body o f  t h i s  r e p o r t  c o n s i s t s  o f  cop ie s  of t h e  f i v e  c i t e d  

a r t i c l e s .  These a r e  s e p a r a t e d  from one ano the r  by c o l o r e d  
I "  

spacer  pages. Their  t i t les are  l i s t e d  below (4 - 8) .  
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Heat Transfer Considerations in Studies of Mechanical Behavior 

I. J .  Gruntfest 

General Electric Co. 
Space Technblogy Center 
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Abstract 

As part of a study of the mechanical behavior of materials having 

temperature dependent properties, the responses of a simple model composite 

material are examined. The size and distribution of the components deter- 

mine the thermal boundary conditions which influence the local temperatures 

and consequently the mechanical behavior. The model, which suggests a 

one dimensional polycrystal or an imperfect crystal, is shown fa s l i p  

intermittently in a manner characteristic of ductile solids. Criteria 

for intermittent slip are derived which are generally compatible with 

experience. Selected experiments are cited which confirm predictions of 

the analysis. 
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INTRODUCTION 

mechanical behavior of materials which have temperature dependent properties. 

It i s  concerned with the behavior of a simple model of a composite material. 

The earlier studies of homogeneous models showed that when temperature effects 

are taken into account, the heat produced by the irreversible work of deformation 

can have a strong Influence on the rfsults of an experiment. The extent of 

this i.ifluence depends on the thermal boundary conditions imposed on the model 

as well as the stress program. Whereas the thermal boundary conditions 

applicable to the homogeneous model depended on the conditions at the exterior 

surfaces, in a composite model they depend also on the size and state of 

dispersion of the components. 

The model under consideration is a laminated slab in which uniform, 

horno,;eneous, incompressible, viscous layers alternate with uniform perfectly 

elastic layers. In the absence of temperature effects, the shear behavior of 

this composite depends only on the properties and relative volumes of the two 

constituents. When temperature effects are taken into account, the layer thick- 

nesses can be important. At low volume fractions of viscous material, the model 

suggests a one dimensional polycrystal or imperfect single crystal. 

The analysis shows how intermittent slip processes, similar to those 

characteristic of ductile deformations in real solids, can occur in this model. 

Criteria for intermittent slip are developed which are found to be compatible 

with experience. A key parameter in the analysis is the temperature coefficient 

of viscosity which is related to the energy of activation for the flow process. 
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As a r e s u l t ,  t h i s  continuum a n a l y s i s  has a po in t  of c o n t a c t  wi th  t h e  atomic 

scale phys ics  of solids. 

demonstrate  t h e  p l a u s i b i l i t y  of t h e  model. 

Severa l  publ ished experimental  s t u d i e s  are c i t e d  t o  

GENERAL EXSCUSSIUN OF THE N?ALYSIS 

mode 

each 

I f  t h e  number of l a y e r s  of elastic or v i scous  material i n  t h e  laminated 

is hf tne th i ckness  of each e last ic  leyer is 4 and the th i ckness  of 

viscous  l a y e r  is 2u , t h e  to ta l  th i ckness  of t h e  s l a b  L, i s  g iven  by 

The volume f r a c t i o n  of viscous  mater ia l  V is  given by 

A t  cons t an t  ra te  of shea r  d e f o m t i o n ,  R, t h e  development of stress, 

C 

mode 1 

, i n  t h i s  model can be descr ibed by t h e  usua l  express ion  for a Maxwell 

a 
i n  which 0;' is t h e  time d e r i v a t i v e  of t h e  l o c a l  stress, and 2' , t h e  apparent  

viscosity, is r e l a t e d  t o  t h e  v i s c o s i t y ,  7 , i n  a l a y e r  by 
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. and G ' ,  t h e  apparent  e l a s t i c  modulus, i s  r e l a t e d  t o  t h e  modulus i n  an  e l a s t i c  

l a y e r ,  G ,  by 

When G' and k( 

Can be intE;;KStt?d to .;iVf2 the f3rni l iar  for!!! 

are cons tan t ,  as  they would be i n  the isothermal  case, Eq. (3) 

When C' or >{' depend on t h e  temperature, and t h e r e f o r e  on t i m e ,  t h e  i n t e g r a t i o h  

- cannot be performed so e a s i l y .  

Following' , let us assume that  f h e  v i s c o s i t y  depends on temperature  T 

according t o  

i n  which )20 i s  t h e  v i s c o s i t y  a t  the r e fe rence  temperature T . Then Eq. (3) 

t akes  t h e  form 

0 

The temperature,  as a func t ion  of time and p o s i t i o n ,  depends on t h e  s o l u t i o n  of 

t h e  hea t  conduction equa t ion  f o r  t h e  v i scous  l a y e r  

.. 



-5 - 

i n  k...-ch c and k are ,  r e s p e c t i v e l y ,  the temperature  independent hea t  c a p a c i t y  

arid thermal c o n d u c t i v i t y  of t h e  materiel and y is  t h e  space coord ina te  through 

t h e  l a y e r .  
1 

The s o l u t i o n  has been d i scussed  i n  d e t a i l  elsewhere , and analog s o l u t i o n s  
2 

of E q .  ( 8 )  Oetemined  . A r e s u l t  from Ref. 1 that is u s e f u l  here i s  t h a t  for 

p a r t i c u l a r  thermal boundary condi t ions,  there is a stress, , a t  which 

thermal i n s t a b i l i t y  w i l l  occur,  and the local e f f e c t i v e  v i s c o s i t y  w i l l  drop 

ab rup t ly .  The c r i t e r i o n  f o r  s t a b i l i t y  is t h e  v a l u e  of t h e  number 

< 

so t h a t  t..e c r  t i c a l  stress depends on t h e  thic-ness  of t h e  v i scous  l a y e r .  

THE THIN VISCOUS UYEB CASE 

I f  t h e  volume f r a c t i o n  of viscous material, V, is v e r y  low, the  apparent  

v i s c o s i t y  of  t h e  composite, v’ , w i l l  be ve ry  much h i g h e r  t han  7 (E+ ( 4 )  J 
for low stresses. The v i scous  process can then be inconspicuous as long a s  

t h e  flow i s  s t a b l e .  When i n s t a b i l i t y  occurs ,  l o c a l  s l i p  and a drop i n  t h e  

l o c a l  flow stress w i l l  be i n i t i a t e d .  The.subseyuent even t s  can t ake  s e v e r a l  

courses .  

As a s i m p l i f i e d  example, consider,  fram a q u a s i - s t a t i c  p o i n t  of view, a 

c o n s t a n t  rate of deformation shear experiment w i t h  t h e  laminated model. The 

t i m e  r equ i r ed  t o  reach the  c r i t i c a l  stress, dc , would be 
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After this time, the stress decays abrliptly, and the heating subsides. A time 

representative of that required for the viscous layer to cool is 
-. 

A similarity parameter can now be defined as 

n 

L'C -. (13) 

When S >> 1, the initial temperatuTe conditions are essentially restored 

before the stress again reaches a criticcl value. Then the slip events can be 

expected to be periodic with a frequency governed by to. 

mittent slip is associated with the deformation ductile materials. If the 

viscous layer is thought of as an imperfect region in a crystal, the thermal 

experience associated with the slip process could heal the imperfection so that 

the next slip event would occur on a different one of the many thin viscous 

layers. 

This type of inter- 

However, if S << 1, the viscous layer will not have time to cool, and the 

slip will continue with no stress build up. Since the slip layer is considered 

to be thin, the action is localized, andrthis situation can be somewhat similar 

to brittle fracture, as pointed out by Zener . Thus, the number S can be 

considered to be a ductility parameter. It is higher at low strain rates and 

for high thermal conductivity materials. 

compatible with experience. 

" 

3 

These inferences are generally 

Several details have been omitted from the discussion above. One of these 

relates to the dynamics of the events following the initiation of blip. When 

local slip occurs in the essentially elastic continuum in equilibrium at the 

s t res6 , hdC , a local stress zero is introduced. This propagates a stress 

relief wave outward to the boundaries. There the wave is reflected back to its , 
*I 
* 
\: :' 
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-origin. The transit time, which is tbe duration of the zero stress at the 

. slip, is of the order 

in whichpis the temperature independent density of the material, and (G/p) 1 /2 

is the acoustic velocity in the slab. This leads to a new similarity parameter 

c 

which would also be related to ductility. 

Another detail that must be considered relates to the energy available to 

promote the slip catastrophe. In the model itself this would be given by the 

stored elastic energy. 

% = -  *2L 
2 6  

In an experiment, energy stored in the testing machine would also have 

to be taken into account. The ultimate temperature rise, and therefore the 

severity of the thermal catastrophe, would depend on the gross energy available. 

DISCUSSION OF RESULTS 

The analysis of the behavior of the model laminated slab given above is 
V 

by no means a complete answer to the problems of ductility and brittleness. 

However, it does introduce an approach that could be fruitful. If it has any 

relevance to the behavior of real materials, the elementary slip processes 

should be accompanied by the generation of local high temperatures. This is 

observed in recent studies of Erdmann and Jahoda 4 at very low temperatures. 
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. Furthermore, in a study of the general beating associated with the plastic 

deformation of aluminum, Dillon5 found that the signals from fine thermo- 

couples attached to a deforming rod were very "noisy". 

interested in the general heating, Dillon used a small capacitor to suppress 

this noise. It is possible that the sptkes in the thermocouple voltages 

which he filtered out arose from individual slip events. 

Since he was only 

Acoueticai d i s t u + h i i c e s  are i i loo  often ptedcced during the plastic de- 

formation of metals. 

would be expected as a result of the propagation of stress relief waves 

from the slip sites. 

In the discussion of the simple model given above these 

Certain somewhat quantitative stAtements can also be made on the basis 

of the above analysis. Consider the Iarameter S '  Eq. (15). For a one cm. 

length of aluminum, t; has the value 2 X sec. When tc = 2 X 

= 2.2 X cat. In other words, in ductile aluminum the effective lv 
-3 

size of the viscous layer must be less than 2.2 X 10 cm. This size is 

large compared with typical regions of crystal imperfections in aluminum so 

that the ductility would be expected. 

In a real material the regions of crystal imperfection are very small 

but they may m e  about in a stress field, occasionally forming "clusters". 

The effective size, for thermal relaxation, of a cluster would be much larger 

than an isolated region. 

the slip instability. 

The formation of a cluster could then precipitate 
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2 
taiiicd from 1111’ iwi~ip~i{:itjq~i v:ui be obt:tiirrd by t l i c  use of dwtrrc* 
imilogs wi i ic4 i  voiituiii tciiif)c,’iituI.(~ri”tidei~t c l c ~ * t  r i s d  rwistanw 
c ~ l t s i i t ~ t r i s  (for c~x:utlplC~, tI~cw,yi~t.ctrs). Tllc. aii:ilog ~iivihod is f:iht 

:tiid ii~c~xp~i~sivc* aiid may hc> hctttr adal)ted to the solutio11 o f  so111(~ 
prohlenis t l i a i  i1ie t*ompiii:it ion, 

The precisely ai~nlqous 1yvpertics of electrical itetworks and 
idealisd mwh:uiical systems have been reviewed by Alfrcy.a When 
the iiic~c.httiiic:d hyst(*ni~ arc iiicar the electrical analogs are used 
figwit ively. l‘liat is, i r i  retihty, the well-estttblishcd m:ithenitzticd 
Il i i ’ t l l tdh :il)plic*:ihics IO  ]iiic~)r c*irvuits :ire dirwtly :tp1did tQ the 
11 I C * C ~ I : L I  i i w t  1 )roI i icw I. I I i i io1 I I i i iwr  syst e11 IS iio e011 I I ) I c ~ . c ~ ~  :dcqii:Lt** 

In:ilittrn:bl i d  III(~~II(H~S 1t:ivc- Ixcii devclojd. ‘I’1icrcbfor(-, in the 
pnsJr:itt work, idic lii,rr;rl iippIic*;it,ioii of the a~i:ilop IUW bwn iindcr- 
takcm . 

i( ort i i i i :~k!-y,  the tcnipcrdurc del)ci~deiic*e of thr cfrc*t r i td  rcsist- 
aircc o f  thc~rmistn~rs is idriit iv:d in forni with :ti1 :tc*ccptsble expression 
for the t ciiipcrature depciide;rce of the viscosity of mtdeiified phasc 
matcri:ils.‘ In thc therniistor and in the sjniulated materials, the 
flow process ii~volvcs biased diffusion and has a characteriptic energy 
of artivatioir. Thc relationship between this energy of activation 
and the* tmpcrature c*oeffivients provides a bridge between the 
prcsriit, essentially ~~heiiomeriolo~ic:t1, disc*ussion and the elegant 
cwnicnil mmry atomic twdc niodcls of the defoniuition process that 
have 11trn proposed. 

I’or (,his disvuwion, it is convenient to divide one-dimensional 
nicc*li:itiicd expcrimcnts with honiogeneoiis isotropic. incompressible 
irl:tb*ri:ils i r i t ~ )  two major d:~s; f ies ,  although acknowledging the ex&- 
ciim or  a tmmii,ion q i o r ‘ ’  Slow or quasiatrrtic experiments are in  
on(’ (-1:~~s. Ilerc the tunc of the csl)erinieiit is very long cwnipnrcul 
with the. i.inic rcvpiFLvi fol;si r w s  ~luilibriuiii to he cnt:LblisIid i i i  tlic. 
imt iiicrv. (!oiisequcnt Ig, wtiila the strrss niay I)(- t inicrlcpcndent , 
its sp:tw v:tri:kt ion is iwgligilAe. In this case, incriinl tcrnis in thv 
cwv-gy ;uid r i~o~t~~~ii . i i in  tquatioiis are also negligihlc. I$’:L<~ csjwri- 
Iricwts voitstitute the sr,c.aad major vlass. Here hoth thc sp:irc and 
tiinc v:iriitt ions of the stnr;u ltre of c.oiisequeiire mid iiiert id teims itre 
riot iiegligihle. Xoticae lhttt the aiee of the .sample affects the equili- 
bmtiorr iinic :w ~ i i u c . h  :w ilia velocity of propagation. 

A t r:iirsmimioir l i i w  c*o1i~iiiiiing themiistors :~q well :LS inductors arid 
c*:tpwitom is the geiicrd simulation. The space dependence of the 
stress; is siniulated by the d u e s  of the voltage along the elements of 
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THE VISCOUS ELE AENT 
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The departure of the value of the integral from unity will depend on 

6 = aVY2/kRo. (10) 
The inkgrd in eq. (9) is identical with that in eq. (6). The use of 
measured values of current arid voltage to evaluate the integral in 
HI. (9) is the cmential feature of the thermistor analog mdhod. 

Obvcfvcd timedeperident v: ilucrr of I&/V for various ~oiistaiit, 
valuev of V for a typical thcnni&tor arc plotted in Figure 1. This plot 
is similar to Figure 2 of ref. 1 in which the mnputd  tiiii~dcpeiideiil 
vtllucr of &/a are plotted for various coilstaiit values of u. 111 bo111 
cases, the iiistability of the systein at  high strc~scw is clearly sliowii. 

Fibmrc 2 is B plot of tlic ohserved values of V i I &  for vitrious coli- 

stmt vnluw of I tl~id for I h c h  s m c  tlieniiistnr uscul for the (wiwL:iiit 

voltage exixrirneiitq of Figure 1. This plot muat IK. mmprrrcd with 
E'igurc 7 of rcf. 1. 

Thc iionii~i:rl values of the resistance of the thcrmistor used in 
these two experiments was lOd,ooO ohms at room temperature. 

c 

! 
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ABSTRACT 

An electric transmission 1:'ne analog for studies of the dynamic plant 

,:hear of an incompressible vismxlastic material which has a temperature 

dependent viscosity is aescribed. 

temperature dependent viscosity. 

Themistors are used to simulate the 

Criteria are established for the simi- 

larity of the line and the material. Experiments analogous to constant 

rate of deformation studies of an elastic material and a material with 

a single viscoelastic relaxation time are described. 

periments analogous to the deformation of a viscous material at a con- 

stant rate of deformation and at constant stress are also described. 

These show phenomena analogous to necking and fracture. 

More detailed ex- 



THERMISTOR ANALOG STUDY OF DYNAMIC SHEAR IN MODEL VISCOELASTIC MATERUILS 

I. INTxu)DucrIor4 

This report  is one of a ser ies  describing exploratory studies of the 

mechanical behavior of materials whic2i have temperature dependent properties, 

With such materials, the heat produced by the irreversible  work o r  defonnatidn 

can have a strong influence on the outcome of an experiment. 

i 

The general prdblem 

considered here relates t o  the dynamic, plane shear of an ideal, incompressible 

viscoelast ic  material, 

transmission line analog containing temperature sensi t ive r e s i s to r s  (themistore),  

'&is study of the dyPamic shear problem follaws natural ly  from earlier work 

in which a thennistor analog was applied t o  the study of the quasi-static shear 

of model viscous and viscoelast icmater ia ls  (1). Before that, numerical 

solutions of the same  problems bad been reported (2). 

quasi-static analog study were siqilar t o  those of the numerical study but 

The approach that is used involves an electric 

* 
The resu l t s  of the 

simpler t o  obtain. 3 
Except for  the use of shunt wenuistors t o  sinulate the temperature 

dependent viscosity i n  the model rmrterial, instead of ordinary res i s tors ,  

the transmission line analog is siqdlar t o  those discussed by Mason (3) and 

others, 

t o  sirnulate inerti%effects and elastic ef fec ts  i n  the material. 

temperature dependence of viscosity is very mch stronger than the temperature 

dependence of density or elastic modulus, it is reasonable t o  neglect the 

l a t t e r  i n  t h i s  exploratory study, 

of the e l a s t i c  and viscoelast ic  sy4tems are considered. 

That is, wne inductors akd shunt capacitors are used, respectively, 
$: 

Since the 

In  the  discussion bel-, some general features 

Then the systems with 

*Numbers in parentheses  refer to the Bibliography. 
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viscos i ty  alone are discussed i n  greater detail .  No real materials have 

viscosi ty  alone. 

the e f f ec t s  of e l a s t i c i t y  and compressibility are subordinate t o  those of 

H a J e v e r ,  i n  selected organic polymers and their so lu t im8,  - 

From an engineering point of view, the general study may suggest rational 

bases f o r  ra is ing design allowable stresses for short duration loads. From 

a material development point of view, relationships betwen atomic scale 

s t ructure  and rmechanical behavior in terms of an energy of act ivat ion are 

suggested . 

11. GENERAL DISCUSSION OF 'PRE 

A. WaveEquationa 

The usefulness of the electric analog in mechanical s tudies  depends on &e 

simi la r i ty  of the equations 

i n  the transmission l ine and the equations describing the stress and strain 

rate his tory i n  the mechanical model. 

experimental, i t  is done i n  a theoretical context which is reviewed briefly.  

In the  transmission line, shown schematically i n  Figure 1, the current (I) 

and the voltage (V) depend upon both the tim (t) and the distance (y) from 

describing the voltage and current h i s tory  

While the work described here is 

the end of the line. The equatiope are: 

a 1  
aY a t  - -  - L -  bV la 

lb 

2 



I -  
i n  which R, L, and C are ,  respectively, the shunt resistance,  inductance, and 

a p a e i t y  each per uni t  length. 

i n  the inductor) a r e  exactly analogous t o  Newton's second l a w  of motion and 

Thew equations for  an ideal  l ine (no resistance 

the general s t ress -s t ra in  re lat ion as writ ten for an ideal Maxwell sol id  

a U  

by = P b t  2a 

2b 

in which 0 is the stress, u is the velocity, P is the density, G is  the 

appropriate elastic modulus, and 7'l is the viscosity. (See for  example Kolsky 

Reference 4.) 

mese equations may be combined within t h e i r  own system t o  obtain wave 

equations applicable t o  various typss of materials. 

inf in i te ,  the material is perfectly elastic and the wave equation becomes 

For example, i f  r) is 

In the  electrical analogy, R is set equal t o  OD so t ha t  

a 2~ a 2 1  - = L C 2  
a Y  a t  

3a 

3b 

is  the wave equation for a perfectty loss less  transmission line. I f  L is zero, 

one amy obtain the Navier Stokes equation ( 5 )  f o r  a perfect ly  viscous material: 
G 

By analogy, one sets C = 0 and 0 b - h  the expxwsasion 

4a 

4b 

3 

Y 
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For a viscoelastic material, i n  whi& the coefficients of equations 2 a r e  constant, 

the damped wave equation is applicable. 

2 a p a 2 u  p a, 
Z+i jT a+ G a t  

- = -  

By similar algebraic treatment the electrical analogy is 

5a 

5b 

which is the usual transmission l ine equation, i f  the inductance is lossless.  

; ions t o  equations 5 have been discussed numerous times and 

ies have been applied t o  their study. (See references 5 ana 6 ) -  

This report  concerns the ef fec ts  produced within a viscous material when 

the viscosity depends on temperature, 

d i f f i cu l t ,  i f  not impossible. 

have the same variation w i t h  diatqnce as 9 , the analogy would st i l l  be valid. 

In this case, the analysis is very 

BaJever, equation 4b shows that i f  R would 

Ihe viscosity hae been found to vary w+th  the temperature according t o  the 

equation 

For the thermistors the resistance var ies  according t o  the re la t ion  

6a 

i n  which the zero subscripts refer t o  an i n i t i a l  or reference condition, W is the 

approximate energy of act ivat ion and B is Boltzmann's constant. 

4 



I. 

The temperatures of the materials and the t he rmis to r s  are determined by 

the solutions of the energy equations 
W / l  1 1  

7a 

7b 

i n  which the l e f t  hand IBember is the mechanical or e l ec t r i ca l  parer dissipated, 
3T z ! - is the local ly  stored power and lCV T is the p m r  loss by heat conduction. c~ at  

The symbols c and k a r e  the v o l w t r i c  heat capacity and thermal conductivitfy 

respectively. The de ta i l s  of these relationships bave been discussed for  th0 

quasi-static cases i n  reference (1) and (2). 

t h a t  the themia tor  reeistance autonmtically varies w i t h  time in a manner 

completely analogow t o  the variatians of viscosity dictated by equation8 

4 and 6. 

P 

It may be said here, i n  surrmad, 

B. Simi la r i ty  Parameters 

No analyt ical  discussion of tbe transmission line equations subject to 
t 

equetions 6b and 7b w i l l  be given. However, two s imi la r i ty  parameters for tlie 

deformtion process w i l l  be developed which are useful f o r  characterizing 

experiments. 

To obtain the f i r s t  parameter notice that the diffusion equation (e.g. 

equat ion4)  defines a characteristic time 

= -  P d 2  
tD r) 

8 

i n  which 4 is  the thickness of rhe material and which relates t o  the duration 

of the inertial t ransient  i n  the npodel. There is another characteristic t i m e  

relating t o  the heating process derivable fram the adiabat ic  form of e q u a t i o n f  yk 

5 

b 
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i n  which a is the temperature coeffgcient of viscosity,  which is related t o  

the energy of act ivat ion of flow, apd uo is the velocity of boundary motion. 

me value of the r a t i o  

or i n  the analog equations 

2 2  aLI 4, 
D =  

cP 

10 

1 1  

indicates the re la t ive  duration of the i n e r t i a l  t ransient  and the thermal 

transient. 

by the  slower heating e f f ec t s  and the quasi-static treatment of the thermal 

e f f ec t s  given i n  references 1 and 2 i s  appropriate. 

interaction of the thermal and iner t ia l  e f fec ts  is s ignif icant ,  

When D is small, the i ne r t i a l  transient is re la t ive ly  uninfluenced 

When I) is large, the 

One more characteristic time a r i se s  from the e l a s t i c  equation. 

The value of the r a t i o  

o r  i n  the analog 

12 

1 3  

14 

characterizes the l i n e  and indicates the re la t ive  e f f ec t  of the elastic wave 

and the diffusion wave, At low values of 4, the diffusion process travels faster .  

6 
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111. DESCRIPTION OF APPARATUS 
\ %  

The ten loop transmission l ine  shmn schematically i n  Figure 1 was asseml'led 

from comnercial components. Inductors, capacitors, thermistors and res i s tors  

were selected t o  make i t  possible t o  do experiments a t  conveniently measurable 

voltages, currents and times. Non-idealities are introduced by the resistance 

associated w i t h  the inductance axxi by the fixed anmreter r e s i s to r  i n  series with 

each t h e m l s t o r i  These are m,inim,ized to prevent interference with the e s s e n t b l  

features of the observations. 

The inductors a r e  each iron core f i l t e r  chokes with nominal inductances 

of 8 henrys a t  300 milliamperes, 

are metallized Mylar and have nominal values of 2.0 MF, 

rated 10,000 ohms a t  25OC and have a temperature coeff ic ient  of 5.5% per degree 

Their resistance is 80 ohma. The capacitor& 

The thermistors are 

centigrade. 

heat capacity of about 0.60 joules per gram per degree centigrade. 

They each weigh 0,100 gms and they a re  made of a material with a 
b 

%us their 

heat capacity is about 0.06 joules per degree. The ammeter resistances are 

100 ohms. 

The thermistors were disc  type 0.22'' diameter and 0.036" thick. These 

w e r e  f i t t e d  w i t h  th in  brass electrodes and stacked using 0.001" Mylar f i l m  

spacers so that they were insulated from one another e l ec t r i ca l ly  but i n  t h e m 1  

contact, 

i n  contact with an aluminum heat sink, 

i n f i n i t e  s lab havfng a heat sink s t  one of its boundaries and insulated a t  the 

Ihe e n t i r e  stack was thermally lagged except on one face which was 

This configuration simulates an 

other, 

reported here but  is mentioned t o  complete the description of the apparatus. 

This stacking feature is not important for  the short  t i m e  experiments 

3 
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IV. EXPE-U RESULTS 

A. Eiastic Wave Propagation 

Ihe f i r s t  group of experhenti  t o  be described were performed with the 

l ine  &own i n  Figure 1, but wiaout  the shunt reaistances. 

sinulates a perfectly elastic materiqt  The resu l t s  confirm predictions. The1 

This  LC l ine  

are given here only t o  contrast  w i t h  the r e su l t s  of the viscoelastic and viscous 

analogs discussed la ter .  

A constant current, Ia, was applied a t  s t a t ion  1 a t  t = 0. Voltage 

h i s to r i e s  a t  the numbe 

analogous t o  observing the propagation of a stress wave in i t i a t ed  by applying 

a constant shear velocity t o  a boundary of a s lab of perfectly e l a s t i c  material. 

The re su l t s  for  I, = 5 milliamp are shown i n  Figure 2. 

wave height is 15 vol t s  and the observed velocity is  112 loops per second. 

tions were then recorded. This  experiment is 

The i n i t i a l  voltage 

The calculated wave height, based on the nominal value of the components is 

V = I,-fi= 10 volts. The calculated velocity is u = 1 

second. 

= 250 loops per 

lower than the It seems l ike ly  that the inductance of the 

rated current, exceeds the nominal. 

5 milliamperes showed 13 henrys. 

it does provide an opportunity t o  introduce the e f f ec t  of density changes 

I n  fact ,  measurement of the choke a t  

Although this var ia t ion of L was unexpected, 

during the d e f o m t i o n  of materiale i n to  the analog. 

At each s t a t ion  the voltage rtses atepwiee with t-; the s teps  becoming 

less and less d i s t inc t  as the  voltage increases. 

when the voltages go beyond the range of the meters (300 volts). 

B. Viscoelastic Wave Propagation 

The experiment is terminated 

The second group of experimerts was performed with constant current applied 

t o  l ine of Figure 1 with both the capacitors and thermistors i n  place. These 

, 8  
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showed more complicated effects. 

i n  voltage (stress) is  arrested. 

a l l  of the current goes through the un'leated f i r s t  thermistor. 

voltage cannot exceed IaRo/lo h e n  *e ten thermistors are unheated and sharing 

the current equally. 

The f i r s t  point t o  be noted is that the increase 

The peak voltage cannot exceed Ia% when 

Rie steady 

me observed values of the peak voltage are always less than I=% because, 

i n  an ideal case, p a r t  of the i n i t t a l  current goes t o  charge the first capacitor. 

This enables current t o  reach the second and subsequent 100s before the 

voltage reaches t h i s  peak value, The steady voltages only reach Ia%/lO 

when current is low and no heating occurs i n  any of the thermistors. 

maximum voltages, which depend on the thermistors, can be called the strength 

of the l ine and are analogous to  the maximum stresses i n  the d e l  material 

which depend on the responses of the viscoue elements. One of the ra ther  

complicated records is shown i n  Fiptre 3. 

These 

. 

1 

Notice tha t  when the parameter F 

(equation 14) has the value of 1 (at 

which may be interpreted t o  shuw tbe 

sharp attenuation, 

C. Viscous Wave Propagation 
I 

about loop number 4) a phenomenon occurs 

emergence of the elastic wave and its 

The main subject of t h i s  study is the interact ion between thermal and 

i n e r t i a l  e f fec ts  i n  the viscous model. 

intended t o  show haw this interaction is l ike ly  t o  f i t  in to  the larger  more 

complicated questions relat ing t o  viscoelastic behavior. 

particular,  how the ult imate s t ress  bearing capabili ty of a m o d e l  v iscoelast ic  

material can be l imited by its viscosity and haw the stress peak due t o  

ine r t i a  e f fec ts  can be limited by the e las t ic i ty .  

llhe preliminary experiments a re  

They show, i n  

9 
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Rie th i rd  group of experiment9 $13 a more detai led study of the diffusion 
t 

of s t r a i n  and stress i n  the viscoue podel. 

beginning of the l i n e  (not con ta i a iv  condensors) and voltage h i s to r i e s  a t  the 

numbered and le t te red  s ta t ions were recorded. 

s ta t ions  indicate the local curren t ;  that is, dl/dy. 

is applied t o  the beginning of t h e l i n e ,  the t i m e  r a t i o  D is l aw  and isothemkl  

propagation is represented. 

a r e  presented i n  Figure 4. 

of the f i n i t e  voltage rise time i n  we power supply. 

voltages a re  Ia&,"o showing that nq signif icant  heating has occurred i n  the 

time of the experiment. 

A constant current is applied t o  the 

The voltages a t  the le t te red  

When a l o w  current 

The recorda for  I, = 5 milliamperes (b.018) 
i 

The volfgge f a i l s  t o  rise t o  the value Ia% becadse 

However, the steady 

a 

A t  higher values  of D (I,=lSO el l iamperee,  D=16,2, Figure 5) the i n i t i a l  

peak is attenuated by the heating e f f ec t  in the f i r s t  thermistor. 

s t a t e  is shown. 

f i r s t  thermistor a t  the expense of the others is clear. 

behavior can be expected whenever high currents are passed through equivalent 

thermistors i n  paral le l .  It is considered t o  be analogous t o  necking i n  the 

No steady 

However, the tendency for  the current to concentrate i n  the 

This type of 

mechanical model. 

A t  even h i a e r  

of the resitance i n  

t i m e ,  catastrophic. 

cu r ren t s  (200 milliamperes, B28.8, Figure 6 )  the decay 

the f i r s t  thexm+stor, due t o  heating, is a f t e r  a f i n i t e  

lhis l e a d s  t o  qn abrupt decline i n  the voltage a t  the 

f i r s t  station. This may be analogous t o  "fracture" in a viscous material. 

It m y  be seen i n  Figures 4 and 5 that a t  the higher current the height of 

the voltage peak beconres less than proportional t o  the current. 

peak voltages a r e  lower for  the higher currents. 

flow i n  which the stress tends t o  become independent of the s t r a i n  rate. 

The post 

This is analogous t o  plast ic  

10 



The time t o  the abrupt decline of voltage would become shorter  a t  even higher 

currents, but the experiment described above is a t  the l imi t  of the apparatus; 

The non-uniformity of the voltapes a t  the various numbered s ta t ions  i n  

Figures 4, 5, and 6 are par t ly  due t 9  the voltage drop i n  the 80 ohm resistanke 

of the inductor and par t ly  due t o  thg dR/dy term i n  equation 4b when R is a 

function of y. 

equation fo r  the voltage.) Thus, 

(It is  a l so  a function of t but t h i s  w i l l  only appear i n  the 

I 

a2v L av L V  a~ 
R a t  R 2  at - = - - - -  

Y2 

15a 

15b I 

D. Constant Voltage Expe r:iments I 

In the fourth and f i n a l  group of experiments, various constant voltages, I 

Vas were applied t o  the line, 

numbered and le t te red  s ta t ions  were recorded. 

As beforg, the voltage h i s to r i e s  a t  both the 

The re su l t s  of an experiment 

a t  l o w  voltage (Va=3 volts)  a r e  shown in Figure 7, 

shows a f i n i t e  rise time and an ir4tial peak. The rise time is short and 

Ihe voltage a t  s ta t ion  1 

is l i k e l y  t o  indicate the response f i m r e  of the recorder, The peak is  probably 

a character is t ic  of the p e r  supply. Bese curves show the isothermal 

behavior of the system. me duration of the voltage t ransient  has close t o  

i ts  calculated value of L t 2  =.O$ seconds. 
% 

A t  much higher voltages the hmting is signif icant  and the resistance of 

the thermistors changes rapidly, 

a r e  shown, 

approaching cata*ophe. 

fa r ther  down the line. 

In Figure 8 ,  the records for  V,=lSO vol ts  

The temperature of the f l r s t  thermistor i s  r i s ing  rapidly and 
*c 

The effeats a p  much less pronounced i n  the thermistors 

These da ta  iuggeet that high voltages can be tolerated 

11 



by the l i ne  i f  the t inre  of application is  so short  t ha t  l i t t l e  heating occursb 

They show further haw the currents, or i n  the noechanical model, the defonnatibns 

can be quite heterogeneousparticularly i f  the duration of the w l t a g e  pulse i b  

less than the tLme constant on the l ine,  

of voltage or  current reaching the end of the l i ne  can be grossly dis tor ted 

I I ~  attenuated. 

Under these conditions the pulse 

V, CONCLUDING REMARKS 

Direct comparisons of the results obtained w i t h  the  analog with the resu l t s  

obtained from mechanical studies on real materials are sanewhat premature, 

This work is  more properly considered an introduction to a type of device 

useful fo r  the study of non-linear mecAnical behavior- 

criteria for s imi la r i ty  between the mechanical model and the electric analog, 

These are, in the linear case, the  viscoelast ie  t l m e ~ / ~ i n  the d e l  and "nC 

i n  the analog; and the new parameter F (equations 13 and 14 above). I n  the 

non-lhear case these are ,  i n  addition, the parameter4 (reference (2)), 

applicable t o  the quasi-static deformation of materials with temperature 

.. 
It establishes 

/-- 

dependent properties, and the new parameter I) (equations 10 and 11 above). 

me experiments show how in t r ica te  the mechanical behavior of an exrremely 

simple material model with a single viscoelastic relaxation time can become 

when reasonable allowances a r e  made f o r  the temperature dependence of its 

properties- 

geometric ohanges which accompany many deformations and the normal heterogeneity 

and anisotropy of many materials, 

In the analog it seems To be possible t o  make allowances for the  

Among the published mechanical experiments known t o  the authors, those of 

VonKarmen and Duwez (7) on the drawing of copper w i r e s  s e e m  most relevant t o  

t 

12 
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t o  the above discussion, The preseut study m e t  be distinguished from others 

often called dynamic (Reference 8 )  wh$ch apply t o  isothermal experiments with 

massless materials. Here inertial and thermal e f f ec t s  are included, 

%e studies described above -have been supported in part by the Office of 

Advanced Research and Technology of the National Aeronautics and Space Adminis- 
~ i -  rr90 

t r a t ion  under Contract Number NASvXBmonitored by Messre. Haward Wolko and 
A 

Melvin Roache, Important encouragement and guidance was a lso  provided by Dr, 

J. D, St-rt of the Re-entry Systems Department of the General Electric 

Company, 

and John Pollock fo r  assistance w i t h  the experiments and Dr. S. J. Becker and 

Dr, J, F. Eeyda fo r  helpful discuseions of the analysis, 

I n  addition, the  authors a r e  indebted t o  their colleagues, J a m s  Wolle 
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ABSTRACT 

As part of a continuing, study of the mechanical 

behavior of materials with temperature dependent properties, 

dynamic responses of an ideal viscous material are 

considered. An electric analog circuit containing 

thermistors and Ideal Inductors is presented. The 

characteristics of this circuit simulate the highly 

non-linear characteristics of the model of the material. 

The experiments show how the conversion of mechanical 

work to heat can lead to stress and time dependent 

apparent viscosities and to thermal instability in 

velocity driven Couette flow. 

is sinusoidal the heating can lead to the appearance of 

a pseudo-elasticity as well as to thermal instability. 

The thermal stability of the system i s  shown to depend 

on the frequency as well 2s the amplitude of the excitation. 

A group of similarity parameters are described which 

arc ratios of characteristic times f o r  heatlng, velocity 

ciJ  f f w - 1  on, thormal diffusion and loading. These provide 

a description of the model meahanical experiment and 

make the connection with the electrical analog. 

When the boundary velocity 



THERMISTOR ANALOG STUDY OF DYNAMIC SHEAR 

IN AN IDEAL VISCOUS MATERIAL 

INTRODUCTION 

This report is one of a series describing exploratory 

studies of t h e  rnechanicai 'oenavior of materials with 

temperature dependent properties. 

the heat produced in an experiment can have a strong 

influence on its outcome. In this work, a model material 

is consldered in which the viscosity is related to the 

temperature through an energy of activation. The equations 

describing the behavior of the model are strongly non- 

With such materials, 

linear so that general closed form solutions are not 

available at; this time. Tne approacn taken here involves 

experiments with electric analog circuits containing 

resistors (thermistors) In which the temperature dependence 

of the resistance can be described in tcrrns of an energy 

of activation. 

In earl i e r  studies (I), analog circufts containing 

thermistors and capacitors were applied to the study of 

quasi-static deformations of model viscous and viscoelastic 

materials. Inductors were then added to the circuits (2) 

to permit the study of the dynamics of the deformations. 

. 
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While selected commercial. thermistors and capacitors 

are nearly ideal circuit elements, commercial inductors 

have some resistance and their values depend somewhat on 

the current. In the present work this problem was 

overcome by simulating ideal inductors with analog 

c urnpu t e r c 1 cmen t :; . 
E::c,cpt for the u3e of thermistors instead of ordinary 

rvs-is:;or:;, t h c  cj.rcu.its a r c  similar, in principle, to those 

desc r ibed  by Mason ( 3 ) .  That is, line inductances and 

shunt resistances, respectively, slmulate the distributed 

mass and viscosity in the material. To simplify the 

problem, the model is an infinite slab of an incompressible 

viscous material in which none of the energy of a shear 

deformation is stored. Thus, the experiments are preliminary I 

to the study of more complicated systems involving elasticity 

and in which more than one dimension is considered. The 

I 

results, however, do provide some insights into the 

influence of the requirement for energy conservation on 

the mechanical behavior of wterials. 

In the experiments, the responses of the model to the 

application of a shear velocity at one of its boundaries 

are observed. Both abruptly applied constant velocities 

and sinusoj <la1 3 y v n r y f  nt'; v e 1 . a ~  i t.i cs  arc c'on:;.i ( l e r v d .  I n  

the former case, as a result of the non-linearity of the 

- 2 -  



material, the observed stress at the stationary boundary 

becomes a non-linear function of the applied velocity. 

At higher applied velocities, thermal instability can 

occur in the material. 

In the sinusoidal case, the non-linearity can lead 

to the appearance of a pseudo-elasticity in the material. 

When the frequency is high, even at low amplitudes, 

thermal instability can develop. In real experiments 

with liquids this instability could be expected to 

lead to cavitation. At low amplitudes and low frequencies, 

when the behavior of the material is linear, a pseudo- 

elasticity also appears in the material if the data are 

reduced using the quasidstatic methods described by 

Ferry (4). 
BACKGROUND 

The usefulness of the electric analog in mechanical 

studies depends on the similarity of the equations 

describing the voltage and current history in the circuit 

and those describing the stress and strain rate history in 

the mechanical model. The availability of nearly ideal 

circuit elements and the convenience and accuracy of 

electrical measurements are also considerations. 

Briefly, the local tnstantaneous force balance in an 

7 and density infinite slab of materia4 with viscosity 

- 3 -  



subjected to a shear in the plane of its boundaries is 

given by 

in which u is the local velocity In the x direction, y Is 

the space variable through the thickness of the slab and 

t is the time. This is identical to the equation for 

the local line current, I, in the circuit with lumped 

parameters shown schematically in figure 1, 

in which R is the shunt resistance per unit length (per 

loop) in the y direction and L is the inductance per unit 

length. 

3 and 2 reduce to the familiar linear diffusion equation 

or R and L are constants, equations 
When 7 and f 

'I for which solutions are known, 

or R depends on t and y, as will be the case for temperature 

dependent materials, general solutions in closed form are 

not available. 

On the other hand, when 

In the model material the flow process, on a 

molecular scale, is assumed to be a biased diffusion 

so that the dependence of the viscosity on temperature 

- 4- 



is given bv 

in which pa is the viscosity at an initial or reference 
temperature, /o , and EA is an activation energy d i v i d e d  

by the Boltzinarin constant. In the thermistor a similar 

expression can be written f o r  the resistance R. 

m 

The instantaneous, local temperature ‘l? which determines 

the instantaneous local viscosity (or resistance) is 

determined by the local energy balance condition 
.b 

in which c and k are respectively the temperature 

Independent volumetric heat capacity and thermal conductivity. 

The local s1;rc:;s,e- , (or voltage, V) is related to the 
local v:l.scosity and velocity gradient (or resistance and 

shunt current) by the equations 

- f- 
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A detailed discusskop of hese equav.,ons is given 

in references (5) and (I) .  In summary, however, at low 
levels of stress (or voltage) the heating computed from 

equations 5 and 6 will t e  negligible. At higher stress 

levels the temperature will change significantly and the 

viscosity o r  resistance will decrease. The extent of 

the temperature rise depends on the value of a non-dimenslonal 

parameter,S , which is the ratio of the rate of heating 
in the slab to the rate of cooling. The heating rate 

can be defined in terms of a representative time, t- 

which is the time that would be required for the viscosity 

to decay to one half its initial value in a quasi-static, 

adiabatic experiment (5), 

in which 1 is the thickness of the slab or the number of 
loops in the line and yo and io are respectively the 
applied boundary velocity or applied current. The 

cooling rate can be defined for the case of isothermal 

I ,  

I -  

- 6- 



boundaries in terms of a representative time, t,, which 

is the time that would be required for the temperature 

to decay to 1/10 of its initial value after the heating 

is discontinued. Ideally, this would be given by 

c L L  t, = - 
Y k  

The key parameter for heating, 5 , can be obtained 
by comparing these times, 

Three more non-dimensional parameters f o r  the 

dynamic system are useful. 

taking the ratio of a representative velocity propagation 

time to the representative heating time. When this number 

is low the propagation occurs in an essentially isothermal 

medium. When the number I s  high the propagation occurs in 

a medium of changing temperatures, 

time (from the Fourier number) is given by 

One can be generated by 

A typical propagation 
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A definition of this similarity criterion I s  therefore 

Another parameter is applicable when the boundary 

of the slab is subjected to an alternating velocity. It 

is the ratio of the velacity period to the heating time. 

When this is low, any particular velocity cycle can be 

considered to be isothepnal. When It I s  high, significant 

temperature changes can occur during a single cycle. 

This parameter is 

in which f I s  the frequency of the excftatlon In cycles 

per second. 

The third parameter is also  applicable in the 

alternating case. 

time to the period 

It is the ratio of the propagation 



This parameter provides an index of the phase differences 

at the  two boundarie5 of the model. 

DESCRIPTION OF APPARATUS - 
The analog circuit used to simulate the slab of 

viscous material is shown schematically in figure 1. The 

actual circuit used is shown in figure 2. This involved 

some development work that will not be discussed here. 

The principle of the ideal inductor depends on the 

computation of the time integral of the local applied 

voltages to obtain the l o c a l  llne currents 

The local shunt current 1s the difference betweer, local 

llne currents 

and the local volt&.ge is given by 

The circuit Is shown in a mode that permits 

regulation of one boundary velocity with the other 

boundary held stationary. Other types of mechanical 

boundary conditions can be smulated by making minor 
changes. The parameters of this circuit can be varied 

-9- 
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continuously over a wide range so that a convenient time 

scale can be used. 

In order to simulate heat conduction in the slab, 

I disc type themistors were fitted with thin brass electrodes 

and stacked using thin plqstic film spacers so that they were 

insulated from one anothep electrically but were in 

thermal contact. The cylindrical stack was covered with 

thermal insulation except on its ends at which the 

thermal boundary conditions could be controlled. This 

configuration is thelamally analogous to the infinite slab 

of model material except for the heat conduction through 

the side insulation and the electrodes. 

I 

I 

& 
h I 

The thermistors had nominal resistance of 10,000 ohms 

at 25OC and temperature coefficients of 5.5% per degree 

centigrade. Each themlstor was 0.55 cm in diameter and 

0.127 cm thick. Its weight was 0.100 grams and its 

heat capacity was approximately 0.60 joules per gram per 

degree centigrade. Its thermal conductivity was Estimated 

to be 0.02 joules/sec cm2 Oc/cm. 

The connection between the experfment with the 

analog and that with a mechanical model is made in terms 

of the parameters mentioned above. The amplifiers were 

scaled so that the effective value of L was one henry and 



Ro was 4 ohms. From th i s  data w e  have 

The most serious approximation i n  these ca lcu la t ions  

is  that of t, where heat losses  from the sides of the 

s tack and the  thermal res is tance of the p l a s t i c  f i l m  have 

been neglected. 

- l I  - 



C ONSTANY' BOUNUARY VELOCIAy 
-* 

The application of a current to the input terminals 

of the network is analogous to the application of a 

velocity to one boundary of the slab. When a constant 

current, lo I s  suddenly applied, a high local voltage 

appears at the input te-nals. This is relieved as the ' 

current propagates down the line. If the end of the line 15 

open, corresponding to a stationary far boundary on the 

slab and there I s  no significant heating, steady uniform 
C o r m 3  t T  

vol Lager; and shunt cievclop A 
I 

~ 

+L 
- - 3  - 

This is analogous to 

in the mechanical model. This effect is shown in the plot 

(figure 3a) of the various values  of I~ against time for 

a scaled value of io = 2.5 amperes ( 6  = 0.07, p = 0.40). 

Results obtained at higher currents are shown in 

figure 3b. The 

non-linearity due to heating appears as a retardation 

of the propagation process and a time dependent distortion 

Here io = 100, 5 = 117 and p - 600. 



1 .  

I -  

of the velocity profile. 

produces a lower veiocity gradient at the boundaries 

than in the center of the slab. 

voltage at the stationary boundary never reaches 

so that even t h e  initial stress measured in a Couette 

type  viscomcLcr would no t  glve a true metrsure of the 

viscosity. 

Notice tl .at heat conduction finally 

In this case, the 
L* R, 
7 

At even higher current levels, which are not 

, -  

i .  

accessible in this experiment but which were observed in 

(2), a thermal instability develops jn t h e  slab which 

would  perhaps correspond t o  fracture 3 rI cl vi :;c.ous material ! 

SINUSOIDAL BOUNDARY VELOCITY 

Studies of the responsas of materials to sinusoidal 

stress and strain programs are frequently made because 

they provide information about the time dependence of 

the properties. Amplitude and phase relationships are 

interpreted in terms of viscoelastic spectra charsctcri.cc-i 1' 

of the material (4). 

When dynamic effects are taken into account, even 

when there is no heating and the system is linear, 

phase shifts and attenuation occur in a viscous 

material. 

(equation 15) which depends on the sample dimensions. 

Typical linear results are shown in figure 4a in which 

These depend ou the value of the parameter f"' 

- / 3 -  



the various local line currents are plotted against 

time. The peak to peak input current was 5, corresponding 

to an RMS value of about 1.7.  

The frequency was 1 cycle s o  t h a t  f = 6.25. 

This gives 5 = 0.035. 

Experiments of the type summarized in figure 4a can 

be used for measuring the \iscosity of liquids ( 3 ) .  If, 

however, heating occurs, non-linearities will develop 

which could be interpreted,in terms of the existence of 

a shear elasticity in the raterial. Typical non-linear 

results are shown In figure 4b for peak to peak input 

current of 200. This gives 5 = 57.5. When this figure 

Is compared with 4a, differences in both attenuation 

and phase shift can be seen. 

The amount of heat generated near the moving 

boundary is  dependent oq the frequency as well as the 

amplitude. That is, the depth of penetration of the 

shear wave becomes lower as the frequency increases so that 

the input power is concentrated in a smaller volume of 

liquid. At high enough frequencies, even at very low 

amplitudes, heating can be expected. Then, as the 

viscosity is reduced, the depth of penetration is further 

reduced so that a regenerative process will be initiated 

which can produce thermal instability. This could 

account for the cavitation effects frequently observed 

when liquids are exposed t o  acoustical radiation. 



, -  

Materials application and development studies 

are often obstructed by complicated and p m r l y  under- 

stood non-llnearltles In mechanical behavior, As a 

result, costly, and frequently unsatisfying, empirical 

test programs must be conducted. In this work, one 

known source of non-linear behavior is isolated and 

explored. It I s  shown that the requirement for the 

conservation of energy In the material can lead to the 

appearance of time and stress dependent effects as well 

as pseudo-elasticity and instability in rheological 

experiments. The rationalization of these effects 

in terms of the non-linearity of the 3y3tem I s  oometlmes 

simpler than alternatlve hypothesen that finvc been 

advanced. The studies lead to the development of a 

group of similarity criteria applicable to mechanical 

experiments. The studles have,, so far, Involved only 

simple systems. However, it seems likely that the 

methods can be generalized so that practical problems 

of design and development can be considered. 
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CAPTIONS - FOR FIGURES 

1. 

2 .  

3 *  

4. 

The electrical hansmission line analogous to a 

viscous slab, discretized into five lumped element 

segments. 

but clcctrically insulated. 

‘l’hc ihcrmistors are in thernlal contact 

The electrical a?alog Computer simulation of the 

electrical circuit of Figure 1 utilizing thermistors. 

The scaled viscosity per segment is T&. 

The normalized shunt currents in the thermistor 

(analogous to the velocity gradients at five 

equispaced stations in the viscous slab) for a 

sudden step Input of current io (front wall velocity 

UO) 

a) io - 2.5 b) i, = 100 

4 = .07 = 117 

Q - .40 p = 600 

The normalized line currents in the inductors 

(analogous to the velbcities at different stations in 

the slab) f o r  a suddenly applied sinusoidal current 

io (front wall velocity uo)* 
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ABSTRACT 

A s  p a r t  of a cont inuing  s tudy  of tQe mechanical behavior  of m a t e r i a l s  

which have temperature dependent p rope r t i e s ,  e lec t r ic  analog experiments on 

a non- l inear  Maxwell Model Mate r i a l  are descr ibed .  The c i r c u i t  t h a t  is  used 

con ta ins  thermis tor  e lements  which simulate the temperature  dependent v i s c o s i t y  

of the  mechanical model. The i n e r t i a l  and e l a s t i c  elements a r e  S i n ~ l r . i ~ , ~  by 

e l e c t r o n i c  i n t e g r a t o r s  i n s t e a d  of inductors  and c a p a c i t o r s  whicli : ~ S S U I  e s  t he  

i d e a l i t y  of t h e  elements and increases  t h t  v e r s a t i l i t y  of the analof. .  

leads t o  the d e f i n i t i o n  of a n a t u r a l  " p r o x r t y ' '  of t h e  m a t e r i a l  which may nave 

some a d y ~  I t.i::es over  t h e  use  of the  v i s c o s i t y  c o e f f i c i e n t s  and e l a s t i c  moduli 

a lone.  T6te r e s u l t s  show how, because of hea t ing ,  the  responses  of t h c  r;o.;'cl 

change from e l a s t i c  t o  v iscous  a s  t he  s e v e r i t y  or dura t ion  of the  e:r-itratiort 

i nc reases .  T h i s  a l s o  lends t o  stress reduc t ion  i n  the  t r a i i i n g  p a r t  of the 

~ ; ~ , . t i i r  n.incc. Since elements of t h e  apalog may be i d e n t i f i e d  wi th  elements of 

aLornic s c a l e  models of m a t e r i a l ,  t h e  work r e l a t e s  t o  m a t e r i a l  development program 

a s  w e l l  a s  t o  mechanical design studie:;. 

The work 

i 



Analog Study Of the Dynamics o f  A Non-Linear Maxwell Model Material  

In t roduct ion  

T h i s  r epor t  i s  one of a series describing exploratory s tud ie s  of t h e  

mechanical behavior of mater ia l s  which bave temperature dependent proper- 

t i e s .  It i s  an account of experimental s tud ie s  of one-dimensional, dynamic 

shear i n  a non-linear Maxwell ModelvisFoelastic mater ia l .  

analog method i s  used which i s  an extension of t h a t  used recent ly  fo r  t he  

study of viscous mater ia l s  (1). The anglog c i r c u i t  can be made applicable 

t o  the general  deformation problem. In addi t ion ,  some of i ts  elements a r e  

i d e n t i f i a b l e  w i t h  elements of atomic sca l e  models of mater ia l s .  The work, 

therefore ,  r e l a t e s  t o  ma te r i a l  development programs a s  w e l l  a s  t o  design 

s tud ie s  . 

An e l e c t r i c  

One of t h e  f ea tu re s  of the analogs i s  t h e  use of thermistor elements 

t o  simulate t h e  c h a r a c t e r i s t i c ,  temperature-dependent v i s c o s i t y  of c e r t a i n  r e a l  

mater ia l s .  Another i s  t h e  use of precision e l ec t ron ic  in t eg ra t ing  elements 

ins tead  of  inductors and capac i tors  t o  simulate i n e r t i a l  and e l a s t i c  e f f e c t s  

i n  the model. This assures t h e  i dea l i t y  of t h e  elements and eliminates the 

problem of  obtaining matched components over a wide range of r a t ings .  

more, the  r a t i n g s  of t he  components can conveniently be made responsive t o  the  

l o c a l  values of t h e  vo l tage ,  cur ren t  o r  o the r  re levant  parameters of t h e  system. 

Further- 

/ 



I n  tile experiments discussed below, a simple model v i s c o e l a s t i c  mater- 

i a l  i s  considered i n  which t h e  temperature dependence i s  concentrated i n  the  

viscous elements. This s impl i f ica t ion  i s  suggested by t h e  f a c t  t h a t  i n  

important c l a s s e s  of  r e a l  ma te r i a l s  t h e  i r r e v e r s i b l e  p a r t  

whether i t  be viscous flow o r  d i s loca t ion  movement, i s  a biased d i f f u s i o n  

having a c h a r a c t e r i s t i c  energy of ac t iva t ion  and a corresponding exponent ia l  

dependence of r a t e  on temperature. 

pends on the  e f f e c t i v e  shape of the  po ten t i a l  v a l l e y  i n  which a representa t ive  

atom i s  s i t u a t e d  o r  the configurat ional  entropy of  a molecular chain e i t h e r  

of which i s  less s e n s i t i v e  t o  temperature than the  d i f fus ion  r a t e .  

of the  deformation, 

The behavior of the  e l a s t i c  element de- 

The q u a s i - s t a t i c  behavior of a temperature dependent viscous element alone 

was considered i n  d e t a i l  i n  e a r l i e r  work i n  which numerical so lu t ions  of the  

energy cquat ion w e r e  presented (2) .  

apparent departures  from Newtonian behavior and showed how time and s i z e  e f f e c t s  

could a r i s e  i n  viscous mater ia l s .  The thermal e f f e c t s  could a l s o  inf luence the  

t r a n s i t i o n  t o  turbulen t  flow and produce _:avitation, The numerical methods were 

then appl ied  t o  t h e  q u a s i - s t a t i c  deformations of v i s c o e l a s t i c  models (3). Later  

i t  w a s  sliown t h a t  equivalent  solution6 of  the  q u a s i - s t a t i c  viscous and v isco-  

e l a s t i c  problems could be obtained mop ciasily by the  use of e l e c t r i c  analog 

c i r c u i t s  containing temperature dependent r e s i s t o r s  (4). Phenomena resembling 

y i e l d  and p l a s t i c  flow arose i n  a na tu ra l  way i n  these  models and s t i c k - s l i p  

e f f e c t s  were producctl. 

Those s tud ie s  e s t ab l i shed  a c r i t e r i o n  f o r  

2 
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The use  of a transmission l i n e  containing thermistors f o r  t h e  study 

of dynamic v i s c o e l a s t i c i t y  w a s  then described (5). 

c r i t e r i a  f o r  ident i fy ing  a p a r t i c u l a r  c t r c u i t  w i t h  a p a r t i c u l a r  rnechanical 

model w e r e  defined. I n  addi t ion ,  i t  wag shown how the  conventional proper- 

t ies  of t h e  v i s c o e l a s t i c  model could be t 2 r y  s e n s i t i v e  t o  t h e  stress and 

s t r a i n  r a t e .  The transmission l i n e s  used t h e r e  contained commercial i n -  

ductors which inevi tab ly  have some res i s tance  and which a r e  non-linear. 

Furthermore t h e  commercial components a re  ava i lab le  over a l imited range of 

r a t ings  and s imi l a r ly  r a t e d  elements do not necessa r i ly  match very closely.  

These d i f f i c u l t i e s  were eliminated i n  another transmission l i n e  study of dy- 

namic viscous behavior i n  which t h e  precision analog in t eg ra to r s  were used 

t o  simulate inductors (1). That work showed how pseudo-e las t ic i ty  could a r i s e  

when t h e  viscous elements became non-linear. I n  addi t ion  a regenerative 

process w a s  described which could lead t o  e f f e c t s  resembling acoustic cav- 

i t a  t ion .. 

I n  t h a t  study s i m i l a r i t y  

The behavior of  the one dimensional Maxwell Model discussed here i s  one 

of t h e  simplest ava i l ab le  examples of dynamic v i s c o e l a s t i c i t y .  

exp lo i t  the capab i l i t y  of the method fo r  t r e a t i n g  compressible mater ia l s  

It does not  

w i t h  stress, s t r a i n  o r  s t r a i n  r a t e  dependent e l a s t i c i t y  o r  f o r  t r e a t i n g  th ree  

dimensional models, It is, however, a s t e p  i n  the  development of the tech- 

niques and it shows how the  e s s e n t i a l n o n - l i n e a r i t y  of t h e  viscous element 

can cause a mater ia l  which exh ib i t s  e l a s t i c  responses a t  low s t r e s s e s  t o  be- 

have l i k e  a f l u i d  a t  high s t r e s s e s ,  T t  a l s o  leads t o  an approach t o  the  gen- 

e r a l  charac te r iza t ion  of mater ia l s  which may have some advantages over descrip- 

t i o n  i n  terms of v i s c o s i t y  coe f f i c i en t s  and e l a s t i c  moduli alone. 

3 



Discussion Of The Linear Maxwell Modei 

The dynamic behavior of the  l i nea r  Maxwell Model has been discussed 

by T.ee and Kanter (6). 

s i d e r a t i o n  of the  non-linear model. 

i s  given below. The l i n e a r  p a r t i a l  d i f f e r e n t i a l  equat ion wi th  constant  

c o e f f i c i e n t s  which i s  solved i n  (6) i s  

Their  ana lys i s  serves as a base l i n e  f o r  the  con- 

A s l i g h t  extension o f  t h e i r  d i scuss ion  

i n  w h i c h k i s  t h e  l oca l  stress, p a r t i c l e  ve loc i ty ,  s t r a i n  o r  displacement, 

f i s  the  Lagrangian space coordinate ,  Z? i s  t i m e  and , I!? and a r e  respec- 

t i v e l y  the  dens i ty ,  e l a s t i c  shear  modulus and v i s c o s i t y  of t h e  ma te r i a l .  
P 2 

Prec ise ly  the  same equat ion can )e w r i t t e n  f o r  the  t ransmission line 

shown i n  f igu re  1 

w h e n 4 i s  the  l o c a l  cur ren t  o r  voltage,  L, C, and G a r e  the  constant  

valucs  of the inductance, capacitance and conductance per  loop and & i s  an 

index of  t h e  pos i t i on  of a p a r t i c u l a r  loop i n  the  l i n e .  The use of d i s c r e t e  

ins tead  of d i s t r i b u t e d  clements introduces some degree of approximation in-  

t o  the  a p p l i c a b i l i t y  of equat ion 2 t o  t h e  analog l i n e  which i s  discussed 

l a t e r  i n  the  repor t .  

4 
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W e  no t ice  now t h a t  t h e  subs t i t u t ion  of non-dimensional times and lengths 

i n t o  equation 1 (or  equation 2) leads t o  a s ing le  parameter, normalized 

equation. When 

n 
i n  which x i s  t h e  length of  t h e  l ine,  we have 

i n  which 

Thus, the non-dimensional group, o r  s imi l a r i t y  c r i t e r i o n ,  /7 , emerges a s  a 

na tu ra l  property of the simple, linear Maxwell Model. The use of t h i s  number 

provides a method f o r  ident i fy ing  a pqr t icu lar  transmission l i n e  with a par- 

titular mechanical model and could be use?ul f o r  charac te r iz ing  the  mechanical 

model i t s e l f .  

* 

Some idea of t h e  s ign i f icance  of t h i s  nunber i s  given by a consideration 

of  i t s  r e l a t ionsh ip  t o  more f ami l i a r  non-dimensional groups t h a t  a r i s e  i n  de- 

generate forms of  equation l. 

t h e  form of the d i f fus ion  equation 

For example i f  E i s  very la rge  equation l has 

5 



m. i n e  normaiized form of t h i s  equation contains  'Lhe Fourier number, N, . 
I- 

On t h e  o ther  hand i f  7 i s  very l a rge ,  equat ion 1 has the  form of 
a 

t h e  e l a s t i c  wave equat ion 

Tlie nomial ized form of t h i s  equation contains  another  recognizable group 

involving the  v e l o c i t y  of propagation 

a -  t Z' 
I 

The non-dimensional group /' i s  seen to be the  r a t i o  of r / ,  to  G. Notice 

t h a t  t h e  r a t i o  of$ t o  gives  another t x a r ~ b c r  Ex e l a s t i c i t y ,  

The physical  property associated w i t h  p i s  

T;:c?i 1i::~- i i i  tlic s t u d y  visio- 

t h a t  which may be observed when 

one boundary of t h e  s l a b  of ma te r i a l  i s  moved abrupt ly .  

t i ons  w i l l  be produced a s  t h e  deformac.ion d i s t r i b u t e s  i t s e l f  through the  mater ia l .  

When i s  low, no o s c i l l a t i o n s  w i l l  occur. 

When p i s  high, o s c i l l a -  



Discussion Of The Non-Linear Maxwell Model 

The a p p l i c a b i l i t y  of  the  ana lys i s  given by Lee and Kanter (6) depends 

on the  values  o f f ,  E and 7 remaining cpnstant  during t h e  experiment. This 

i s  never exac t ly  t r u e  since any viscous process produces heat.  However, i f  

the  dura t ion  of  t h e  experiment i s  l o w  coough o r  the  hea t  i s  lost  to the  en- 

vironment f a s t  enough, the change i n  temperature can be negl ig ib le .  

The development of  a c r i t e r i o n  for  t he  temperature rise t o  be expected in 

a q u a s i - s t a t i c  viscous element was described i n  (2). The c r i t e r i o n  appears a s  

a r a t i o ,  3 , of a r ep resen ta t ive  cooling time, <= e l Z  z,  t o  a representa t ive  

heat ing t i m e y e & =  - I  C P  

la 70 yD 

i n  which "a" i s  the  temperature c o e f f i 5 e n t  of the  v i s c o s i t y  and i s  r e l a t e d  t o  

the energy of a c t i v a t i o n  f o r  the  flow process,  )io i s  the  v i s c o s i t y  a t  the  i n -  

i t i a l  o r  reference temperature, '&, i s  the r e l a t i v e  r a t e  of movement of the  

boundaries,  k and c a r e ,  respec t ive ly ,  the  temperature independent thermal 

conduct ivi ty  and volumetric s p e c i f i c  heat of  t he  mater ia l .  

When 4 i s  low, no heat ing occurs and the  l i n e a r  approximation i s  appl icable .  

When3  i s  high two cascs  must be dis t inguished.  I n  one of these the  heat ing 

t i m e  i s  long i n  comparison w i t h  the mechanical propagation time, so t h a t  stress 

equi l ibr ium i s  e s t ab l i shed  i n  an e s s e n t i a l l y  isothermal  medium which subsequently 

increases  i n  temperature. I n  the  o ther ,  the  heat ing time i s  shqr t  i n  comparison 

w i t h  t h e  mechanical propagation t i m e  so t h a t  t h e  propagation process occurs  i n  

a medium of  changing temperature. C r i t e r i a  f o r  making t h i s  d i s t i n c t i o n  a r e  

discussed i n  (1). 



. 

Discuss ion  o f Experiment s 

The experiments descr ibed below were performed using t h e  simulated t rans-  

mission l i n e  shown schematical ly  i n  f igure  2. 

those used i n  textbooks on analog computation. 

Q €  indtlctors by generattng a current proport ional  t o  the time i n t e g r a l  of a 

vol tage .  They take t h e  place of capaci tors  by generat ing a vol tage  proport ional  

t o  the t i m e  i n t e g r a l  of a cur ren t .  The propor t iona l i ty  f a c t o r s  can be va r i ab le s  

t o  simulate compressible, non-Hookean models although t h i s  f ea tu re  was not  used 

i n  the present  experiments. 

I n  an experiment, the  e f f e c t i v e  val;Ies of L, C and G were set and a simulated 

The symbols of t h a t  f i gu re  a r e  

The b t e g r a t o r s  take the  place 

I 4  I t  

steady cur ren t  was abrupt ly  appl ied to  one end of the  line while the  o the r  was 

kept "open". This i s  analogous to t h e  abrupt app l i ca t ion  of a s teady  ve loc i ty  

t o  one boundary of the  s l a b  of  model ma te r i a l  w h i l e  the  o the r  i s  held stationar'q. 

Local t i m e  dependent l i n e  cu r ren t s  and vol tages  were recorded which correspond t o  

the l o c a l  ve loc i ty  and s t r e s s  i n  the  mater ia l .  The recording was continued a f t e r  

the input  cu r ren t s  were abrupt ly  terminated. Two l eve l s  of cu r ren t  w e r e  used a t  

b 

each s e t t i n g .  One l o w  enough t o  show l i n e a r  behavior 

some o f  the e f f e c t s  of heat ing i n  the thermis tors .  A , 

/ and one high enough t o  show 

number of d i f f e r e n t  l i n e  

s e t t i n g s  w e r e  used t o  give representat ive values  of the parameterr ,  The degenerat i ,  

i d e a l  v i scous ,  cas? was discussed i n  (1) .  The degenerate,  i d e a l  e l a s t i c ,  case 

was discussed i n  (5)  but  i s  reviewed here.  

I -  
- % -  



D* lig;ULt: 3a si-iogs the Cine dependent c u r r e n t s  i n  a l ine i n  which t h e  

kffect ive va lues  of  L, C and G a re  r e spec t ive ly  1 henry, 0.03 fa rads  and 

0.23 mhos. 

r e n t  which i s  analogous t o  a boundary v e l o c i t y  was  d,= 5- . 
ment t h a t  was used i t  i s  n o t  poss ib l e  t o  o b t a i n  a good estimate o f 4 b u t  a t  

i:lis l e v e l  the  behavior  of t he  l i n e  was q u i t e  accu ra t e ly  l i n e a r .  

value of r/ t he  model i s  one i n  which the  v i s c o s i t y  i s  most conspicuous. 

t e n t i o n  i s  drawn t o  the  r ap id  achievement of  t h e  s teady  cond i t ion ,  t he  f a c t  

t h a t  t h e  s teady  c u r r e n t s  a r e  l i n e a r  funct ions of t h e  p o s i t i o n  i n  the  l i n e  

.ind tlw symmetry of t h e  e f f e c t s  a t  the i n i t i a t i o n  and te rmina t ion  of  t he  cur -  

r e n t  flow. 

The va lue  o f  77 f o r  t h e  f ive  loop l ine i s  0.15. The i n p u t  cur -  

With the ar range-  

A t  t h i s  

A t -  

F igure  3b i s  a s i m i l a r  p l o t  f o r  a h ighe r  va lue  of the  input  c u r r e n t  (4kz5%). 

The l i n e a r i t y  of t h e  r e l a t i o n s h i p  between t h e  c u r r e n t  and l i n e  p o s i t i o n  is 

destroyed because t h e  the rmis to r  i n  t h e  f i r s t  loop i n  heated more than  t h e  

o t h e r s .  The symmetry of  t he  i n i t i a t i o n  and te rmina t ion  e f f e c t s  i s  a l s o  l o s t  

because a t  the  time of terminat ion the m a t e r i a l  i s  heated and has d i f f e r e n t  

p r o p e r t i e s .  Figures  43 and 4b show t h e  l o c a l  vo l t age  h i s t o r i e s  i n  t h e  same 

two expcrimcnts a s  5VG/l,  . Given the va lue  o f  a = 0.046 per  degree c e n t i -  

grade for  the thermis tor  a t  t he  i n i t i a l  temperature  and t h e  r e l a t i o n s h i p  _._- 

t h e s e  p e r m i t  t h e  e s t ima t ion  of  the  loca l  temperature.  I n  t h e  low c u r r e n t  ca se  

( f igu re  4 3 )  t h e  l i n e s  become hor iqonta l  a t  t h e  va lue  1. 

e.- 

. -  
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I n  the h igher  c u r r e n t  case  t h e  vol tages  d r i f t  downward from 1 a s  a r e s u l t  

3 f  heat ing .  

3e regarded a s  due t o  t h e  e l a q t i c i t y  i n  t h e  l i n e  i s  less conspicuous i n  

4b because t h e  hea t ing  reduces the  e f f e c t i v e  va lue  of  /7. The va lue  of 

5 i n  t h e  high c u r r e n t  runs i s  no t  very high even though they  were made nea r  

t h e  l i m i t i n g  power c a p a b i l i t y  of t h e  c i r c u i t  conf igura t ion .  However, t h e  

t r end  of t h e  behavior  as t he  s e v e r i t y  of t h e  e x c i t a t i o n  i n c r e a s e s  i s  i n d i -  

ca t ed  i n  these  experiments.  

Notict- t h a t  t h e  s t e p  i n  one of t h e  traces on 4a  which might 

The resul ts  of experiments w i th  l i n e  s e t t i n g s  L = 1, C = 0.3, G = 0.2 

The observed l o c a l  c u r r e n t s  f o r  ( n  = 0.55) a r c  shown i n  f i g u r e s  5 and 6. 

t h e  low c u r r e n t  runs a r e  shown i n  f igu re  5a. This l i n e  has s i g n i f i c a n t  energy 

s to rage  capac i ty  and the  e f f e c t s  of  e l a s t i c i t y  a r e  c l e a r l y  shown by the  re- 

pented r e f l e c t i o n s  which occur  a t  t h e  boundaries and t h e  a s soc ia t ed  o s c i l l a t i o n  

of t h e  c u r r e n t s .  

o f  t he  i n i t i a t i o n  and te rmina t ion  e f f e c t s  may be noted here .  I n  t h e  runs a t  

The l i n e a r  d i s t r i b u t i o n  of s t eady  c u r r e n t s  and t h e  symmetry 

higher  c u r r e n t  (Lo = 50) the  l i n e a r i t y  and s y m e t r y  a r e  both l o s t .  Comparison 

of the vo l t age  t r a c e s  f i g u r e s  6a and 6b shows the  temperature rise i n  the  high 

cu r ren t  experiment and t h e  marked a t t enua t ion  o f  r e f l e c t i o n s  a t  t he  t e rmina t ion  

of  t he  c u r r e n t  flow due t o  the  change i n  p r o p e r t i e s  accompanying t h e  s imulated 

de format ion. 



Fia,r?res 7 2nd 8 S ~ O W  the re;uLte of e x p e r h ~ ~ ~ t s  wi th  line settings 

L = 1, C = 30, G = 0.2 ( p  = 5 .5 )  iLre the  high energy s torage  capac i ty  

of the l i n e  leads  t o  sus t a ined  o s c i l l a t i o n s .  Under t h e i r  condi t ions  more 

of  the cu r ren t  i s  d ive r t ed  from the  t h e p i s t o r s  by t h e  capac i to r s  which 

reduces the  hea t ing  i n  t h e  model. The low c u r r e n t  case  ( L6 = 8) show less 

d.tmping than the high c u r r e n t  case ( = 80). The e f f e c t  of hea t ing  on t h e  

symmetry of t h e  i n i t i a t i o n  and terminat ion e f f e c t s  . lL  2120 shown. 

8 

Figure 9 was generated by a l ine i n  which G = 0. I t  the re fo re  s imula tes  

It i n d i c a t e s  a p e r f e c t l y  e l a s t i c  m a t e r i a l .  

how tlie d i s c r e t i z i n g  oF l i n e  elements a f f e c t s  i t s  behavior .  If t h e  elements 

w e r e  d i s t r i b u t e d  uniformly the  vol tage would progress  upward i n  s t e p s  wi th  

v e r t i c a l  "risers" and ho r i zon ta l  "treads". 

t o  the f i l t e r  a c t i o n  of the  l i n e  t h a t  was used-  The o t h e r  o b j e c t  of p re -  

sen t ing  this d a t a  i s  t o  show how, i n  an e l a s t i c  m a t e r i a l ,  t he  stress would 

r ise i n  s tcpwisc fash ion  wi thout  bound. T P i s  emphasizes t h e  importance of 

v i s c o s i t y  i n  determining the u l t ima te  stress bear ing  c a p a b i l i t y  of t h e  maizr ia '  

It i s  presented f o r  two reasons.  

The rounding o f  t he  s t e p s  i s  due 

Figure 10 g ives  examples of cross  p l o t s  of  t y p i c a l  d a t a .  
0 5  

It shows the wave form a t  var ious  times inc luding  some the e f f e c t  of r e f l e c t i o n .  

T h i s  i s  the form i n  w h i c h  the a n a l y t i c a l  r e s u l t s  of re fcrcnc?  6 were presented.  

4 

hi t l i c  I1ij:h ciirrc.nL casc', lob,  a l o w  s t r e s s  " t a i l "  develops i n  rhc wavc bccause 

0 1  I i( . . i l  in;., 
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P l a s t i c  Waves i n  Wires 

The r e s u l t s  presented above a r e  s t r i c t l y  applicable only i n  the one 

dimensional case;  t h a t  i s ,  to t h e  shear of an i n f i n i t e  s l a b  of the  model 

n a t e r i a l  i n  the plane of i ts  boundaries. However, i f ,  i n  consider-lng the 

a x i a l  deformation of  a siender rod, one assumes t h a t  stress equiiibrium is 

achieved i n  each element of length during t h e  propagation process, t h e  l i n e  

described above i s  an appropriate analog. T h i s  i s  t h e  problem attacked and 

assumption made, fo r  example, by von Karman and Duwez (7). The present 

trc;itmcnt, however, allows the  tangent modulus t o  be t i m e  dependent. I n  

t h i s  appl ica t ion ,  t h e  u s e  of t h e  analog draws a t t e n t i o n  t o  the  important 

f a c t  t h a t  t h e  i r r e v e r s i b l e  p a r t  of t h e  deformation is  l a rge ly  a shear and 

the r eve r s ib l e  pa r t  i s  l a rge ly  a dilatat-Lon. 
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